Abstract. The convergence to equilibrium of renormalized solutions to reaction-cross-diffusion systems in a bounded domain under no-flux boundary conditions is studied. The reactions model complex balanced chemical reaction networks coming from mass-action kinetics and thus do not obey any growth condition, while the diffusion matrix is of cross-diffusion type and hence nondiagonal and neither symmetric nor positive semi-definite, but the system admits a formal gradient-flow or entropy structure. The diffusion term generalizes the population model of Shigesada, Kawasaki and Teramoto to an arbitrary number of species. By showing that any renormalized solution satisfies the conservation of masses and a weak entropy-entropy production inequality, it can be proved under the assumption of no boundary equilibria that all renormalized solutions converge exponentially to the complex balanced equilibrium with a rate which is explicit up to a finite dimensional inequality.
Introduction
Multi-species systems appear in many applications in biology, physics and chemistry, and can be modeled by reaction-crossdiffusion systems. We want to study the convergence to equilibrium of reaction-cross-diffusion systems with strongly growing reactions, where the system (without reactions) is of formal gradient-flow structure and thus admits an entropy estimate. But since the reactions do not obey any growth condition, this estimate is not enough to define weak solutions, which motivates the study of renormalized solutionsà la J. Fischer [15] . Our goal is to show that any renormalized solution satisfies the conservation of masses and a weak entropy-entropy production inequality, and consequently, under the assumption of no boundary equilibria, all renormalized solutions converge to equilibrium with an exponential rate which is explicit up to a finite dimensional inequality.
The convergence to equilibrium for reaction-diffusion systems with linear diffusion has been studied extensively, see e.g. [1, 9, 11] and references therein, while much less is known for nonlinear diffusion or cross diffusion, see [17] for a porous-medium type diffusion and [8] for Maxwell-Stefan diffusion. In this work, we study the convergence to equilibrium for a cross-diffusion model originally introduced by Shigesada, Kawasaki and Teramoto [21] in population dynamics. The existence of global weak solutions for this class of cross-diffusion models with at most linearly growing reactions has been attracted a lot of attention recently by exploiting its formal gradient-flow structure, see e.g [2, 3, 4, 12, 13, 19, 20] . Unfortunately, for strongly growing reactions (such as chemical reactions) this does not provide enough regularity to define weak solutions. Hence, the notion of renormalized solutions was introduced in [5] for reaction-cross-diffusion systems in analogy to [15] for reaction-diffusion systems. The standard way for proving convergence to equilibrium via entropy method is to first prove the convergence for an approximate solution, and then by passing to the limit to obtain it also for the constructed weak solution (see e.g. [8] ). But since uniqueness for cross diffusion is a very delicate topic (see e.g. [6] ), it is desirable to prove convergence to equilibrium for all solutions. This has been recently obtained in [18] for reaction-diffusion systems, and thus in this work, we extend these results to reaction-cross-diffusion systems with strongly growing complex balanced reactions coming from mass-action kinetics.
More precisely, we consider n chemical substances S 1 , . . . , S n reacting via R reactions of the form
where y r " py r,1 , . . . , y r,n q, y 1 r " py 1 r,1 , . . . , y 1 r,n q P pt0u Y r1, 8qq n are the stoichiometric coefficients, and k r ą 0 are the reaction rate constants. The corresponding reaction-cross-diffusion system reads for each i " 1, . . . , n as
where u " pu 1 , . . . , u n q are the population densities and Ω is a bounded domain with smooth boundary BΩ, and ν is the exterior unit normal vector to BΩ. The reaction terms represent the reactions in (1), i.e. while the diffusion matrix Apuq " rA ij puqs i,j"1,...,n is given by
where a i0 , a ij ě 0 for all i, j " 1, . . . , n and δ ij denotes the Kronecker delta. They are assumed to satisfy (in analogy to [5] ) either the weak cross-diffusion condition
a ij´? a ji˘2¸ą 0, or the detailed-balance condition
Let m " codimty for all y P ty r , y
It was proved in [14] that if m ą 0 then for each positive initial mass vector M there exists a unique positive complex balanced equilibrium u 8 P p0, 8q n , while when m " 0 the system has a unique positive complex balanced equilibrium for any positive initial data. Note that there could possibly exist many boundary equilibria, i.e. u˚P Bp0, 8q
n and u˚satisfies (6).
The main result of this paper reads as follows. Theorem 1.1. Let Ω be a bounded domain with smooth boundary BΩ. Assume a i0 , a ii ą 0, a ij ě 0, and let the diffusion matrix Apuq satisfy either (4) or (5). Assume that (S) satisfies the complex balanced condition (6). Then, for any nonnegative measurable initial data u 0 P L 1 pΩq n such that u i,0 log u i,0 P L 1 pΩq for all i " 1, . . . , n, there exists a global nonnegative renormalized solution u " pu 1 , . . . , u n q to (S), that is, for all T ą 0,
and for any smooth function ξ P C 8 pr0, 8q n q with compactly supported Dξ, it holds for all test functions ψ P C 8 0 pΩˆr0, Tthat
Assume additionally that (S) does not have any boundary equilibria and fix an initial mass vector M. Then, any renormalized solution to (S) with positive initial mass M, i.e. Qu 0 " M, converges exponentially to the equilibrium, i.e.
where C ą 0 and λ ą 0 are constants which can be computed explicitly up to a finite dimensional inequality.
Remark 1.2. The convergence result in Theorem 1.1, in case m ą 0, depends only on the initial masses but not on the precise initial data. Thus, two solutions with different initial data but same initial masses converge exponentially to the same equilibrium. When m " 0, i.e. there are no conservation laws, then all renormalized solutions converge to the unique positive equilibirium for any positive initial data.
The main tool in the proof of Theorem 1.1 is to consider the relative entropy
for which formally for any solution to (S) the entropy production has the following form
where Ψpx, yq " x logpx{yq´x`y. For details we refer to [2] for the cross-diffusion term and to [18] for the reaction term. Moreover, for all nonnegative measurable functions u " pu 1 , . . . .u n q satisfying the conservation laws
it was proved (e.g. [18] ) that Dpuq ě λE pu|u 8 q, where λ is an explicit constant up to a finite dimensional inequality. Then, still formally, one obtains the desired exponential decay E puptq|u 8 q ď e´λ t E pu 0 |u 8 q.
Unfortunately, the notion of renormalized solutions is very weak, so that the entropy-entropy production inequality (9) or even the conservation laws (10) (which only concern the L 1 -norm of the solution) are not easy to verify. As mentioned before, one can argue via approximate solutions, and thus obtain the convergence to equilibrium for one renormalized solution, see e.g. [8] . However, it is not clear if all renormalized solutions (in the sense of definition in (7)) can be approximated in such a way. Our aim here is to prove that all renormalized solutions with the same initial mass converge to the unique equilibrium. The main idea is to show that the conservation laws (10) and a weaker version of the entropy-entropy production inequality (see Lemma (2.1)) hold for any renormalized solution. Our proof uses the techniques developed in [16] .
Proof of the main result
Lemma 2.1 (Weak entropy-entropy production inequality). For any renormalized solution u of (S) it holds that E puptq|u 8 q`ż t s Dpupτ qqdτ ď E pupsq|u 8 q for a.e. t ą s ą 0, where E and D are defined in (8) and (9) respectively.
Proof. From this point on, we consider C ą 0 as a generic constant whose value can change from line to line, or even in the same line. For M ą 0, let φ M : r0, 8q Ñ R be a smooth function with
for all s ě 0. (11) Moreover, we set ξpuq " φ M pEpu`η|u 8 qq, where u`η " pu 1`η , . . . , u n`η q for some η ą 0. The regularization η ą 0 is needed to deal with the potential singularity of log u i since a renormalized solution is non-negative but in general not strictly positive. For simplicity, we will write Epuq and Epu`ηq instead of Epu|u 8 q and Epu`η|u 8 q respectively inside this proof. Then we can compute
By choosing ψ " 1 , or more precisely a smooth version of 1 with compact support in r0, T´δs then let δ Ñ 0 (see [5, Lemma 11] for more details) in the definition of the renormalized solutions, we get
Our first goal now is to pass to the limit η Ñ 0 in (12) . Clearly, due to the dominated convergence theorem, we have for the left-hand side of (12) that
Next, since φ 1 M has compact support the integrand of I 3 pη, M q vanishes when |u| is large. Now for |u| ď CpM q we can use the property f i puq ě 0 when u i " 0 and the local Lipschitz continuity of f i puq to estimate f i puq ě´CpM qu i . Hence by considering the signs of f i puq and logp ui`η ui8 q one obtains easily
CpM qu iˇl og u i`η u i8ˇ. Thus, Fatou's lemma yields lim sup
Next, we split I 2 pη, M q in (12) into
In order to show the convergence of I 4 , we use that |A ij puq| ď C p1`ř n k"1 |u k |q and }∇u j } L 2 pΩˆp0,Tď CpT q thanks to the regularity of renormalized solutions. Then, recalling φ 2 M has a compact support, we obtain by dominated convergence theorem that
In a similar way, we obtain
From [6] we know that if Apuq satisfies (4), then
and if Apuq satisfies (5), then
From both cases we infer, by noticing that a i0 ą 0 and 4|∇
Putting everything together yields from (12)
": I 6 pM q`I 7 pM q`I 8 pM q.
Our goal now is to pass to the limit M Ñ 8 in (13) . For the left-hand side of (13), the convergence is clear due the dominated convergence theorem. For I 7 we can use ? u i P L 2 p0, T ; H 1 pΩqq and the dominated convergence theorem to obtain
Since
For I 6 pM q we first use the identity ř n j"1 A ij puq∇u j " a i0 ∇u i`ř n j"1 a ij pu j ∇u i`ui ∇u j q to estimate I 6 pM q ď I 61 pM qÌ 62 pM q`I 63 pM q where
For I 61 pM q we write ∇u i ∇u k " 4 ?
Hence, from the bound }∇ ? u i } L 2 pΩˆp0,Tď CpT q we obtain by dominated convergence that lim MÑ`8 I 61 pM q " 0. To estimate I 62 pM q we have firsťˇˇˇl
and similarlyˇˇlog´u
,Tď CpT q we conclude by the dominated convergence theorem that lim MÑ8 I 62 pM q " 0. The proof of lim MÑ8 I 63 pM q " 0 is similar so we omit it. Consequently, by collecting all results together and using the fact that (14) Quptq " Qu 0 for all t ą 0.
Proof. Our proof follows from [16, Proposition 6] where Fischer proved the conservation laws for reaction-diffusion systems. We denote by q " pq 1 , . . . , q n q an arbitrary row of Q. Thus, we have that ř n i"1 q i f i puq " 0. Let φ M be chosen in the same way as in the proof Lemma 2.1. By choosing ξ as ξpuq " φ M pβ ř n i"1 q i u i`E pu`η|u 8where β P R and ψ " 1 in the definition of renormalized solutions, we can pass to the limits η Ñ 0 and M Ñ`8 like in the proof of Lemma 2.1 to obtaiñ
Dpupτdτ. 
Repeating the arguments with
We are now ready to give the proof of the main result.
Proof of Theorem 1.1. The existence of a global renormalized solution follows from [5, Theorem 1] since under the complex balanced condition the reactions satisfy (14) , which is (H4) in [5] with π i " 1 and λ i "´log u i8 for all i " 1, . . . , n.
We now turn to the convergence to equilibrium. Since the system possesses no boundary equilibria, it follows from [18, Theorem 1.1] that Dpuq ě λE pu|u 8 q for all measurable nonnegative functions u satisfying Qu " Qu 8 , where λ ą 0 is an explicit constant up to a finite dimensional inequality ([18, inequality (11)]). Note that this inequality does not require any other higher regularity of u. Therefore, thanks to Lemma 2.2, for any renormalized solution to (S) it holds Dpupsqq ě λE pupsq|u 8 q for a.e. s ą 0. 
